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so kann f und ndherungsweise fiir kleine § auch
|vg| als das Verhiltnis der Materiegeschwindigkeit
in der zg-Richtung zur Lichtgeschwindigkeit gedeu-
tet werden. Aus den Feldgln. (9), (14) laBt sich vy

als Funktion von 4, » gewinnen:
4(}.]1]1 + llg]g + 'V‘lzl + 'V‘Izz — A'V) A’V' 'U§
(81)

= (A + Az + V121 + ¥p)?
A o | 2\2 (4 2
- (xll — VT ”iz) - (,_.12 —2v ”12)'

Setzt man hierin v3=0 ein, so wird man auf die
Gl. (44) zuriickgefiihrt, die fiir unsere statischen
Lésungen von entscheidender Bedeutung war. Die
17 Feldgln. der Becuertschen Theorie (9) bis (12)
lassen sich auf drei nichtlineare, noch einigermafien

ubersichtliche Diff.-Gln. zuriickfiihren, deren Lo-
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sungsmoglichkeiten von Becuerr und LinDNER un-
tersucht werden. Beim Aufsuchen von Losungen
kann man einmal von erweiterten Losungen der sta-
tischen Modelle ausgehen, zum anderen 148t sich der
ungefihre Verlauf der elektromagnetischen Feldstr-
ken in groBerer Entfernung von einer rotierenden
Ladungsverteilung aus klassischen Uberlegungen ge-
winnen.

Mein herzlicher Dank gilt Herrn Professor Becuerr,
der mich nicht nur bei vielen unbefriedigend verlaufe-
nen Losungsversuchen seiner Feldgleichungen unermiid-
lich beraten hat, sondern auch an dem Auffinden der
geschilderten Losungen mitbeteiligt war. Der Studien-
stiftung des Deutschen Volkes und dem Lande Rhein-
land-Pfalz danke ich fiir die grof3ziigige Bereitstellung
von Geldmitteln zur Durchfithrung dieser Untersuchun-
gen.
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The polarisability theory of optical activity has been fully worked out in tensor notation, giving
formulae for birefringence and optical activity of a crystal kept in an arbitrary orientation in a
beam of light. It is shown that the theory so developed can also be applied to a simple molecule or
a polymer chain of fixed orientation, with some minor modifications. Compact formulae have been
obtained useful for these cases, which also bring out the idea of “coupled oscillators” for the occur-
rence of optical activity. The formulae can also be averaged over all orientations and this leads to
an expression for the specific rotation of a solution of a polymer containing helical chains. The
theory, as applied to the a-helix and other helices occurring in proteins and polypeptides is being

reported separately.

Theories of optical activity are generally of two
types, either involving coupled oscillators !, or pure-
ly in terms of optical principles, usually referred to
as the polarisability theory 2. Kirkwoop ? has shown
that the quantum mechanical formulation of the
coupled oscillators leads to the polarisability theory
when certain reasonable approximations are made.
RamacuaNDRAN 4 has applied the polarisability theory
for calculating the rotatory power of f-quartz and
some other crystals of simple structure, and has
found reasonably satisfactory agreement with ex-
periment. But similar calculations, from first prin-
ciples, cannot be attempted on crystals having a
more complicated structure, because of the for-

1 eg. M. Bory, Phys. Z. 16, 251 [1915].

2 eg. G. N. Ramacuanoran, Proc. Ind. Acad. Sci. A 33, 217
[1951], which contains also detailed references to earlier
literature.

bidding nature of the numerical computations. In
this paper a general mathematical formulation of
the polarisability theory is presented. Formulae are
given in a very compact form by making use of ten-
sor notation, and they may be conveniently used in
calculating the rotatory power of crystals or solu-
tions, i. e., randomly orientied molecules or chains
of molecules. The method also leads to similar com-
pact formulae for calculating the refractive indices
of crystals for different directions. The theoretical
formulae derived here have been applied to calculate
the optical activity of helical structures such as poly-
peptides. This will be reported separately.

3 J. G. Kirgwoop, J. Chem. Phys. 5, 479 [1937].
4 G.N.Ramacuraxpray, Proc. Ind. Acad. Sci. A 33,309[1951];
34,127 [1951].
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OPTICAL ACTIVITY OF MOLECULES

1. The electromagnetic theory

We shall first work out the theory for a crystal
kept in an arbitrary orientation in a beam of light.
The theory so developed can also be applied to a
simple molecule or a polymer chain of fixed orien-
tation, with some minor modifications. The result
of the latter can then be averaged over all orienta-
tions so as to obtain the specific rotation of a solu-
tion.

Considering the case of the crystal, if the coordi-
nate axes are taken along the principal axes of the
crystal, the components of the displacement vector ®
and the electric vector € of a linearly polarised

wave will be connected by the relations ®
D,=K,E,+i(GxE), etc., (1)
Gr=8115:+ 8125y +8135: etc. (2)

where K, K,, K; are the principal dielectric con-
stants and & is the gyration vector whose compo-
nents are given by (2) as linear functions of the
components of the unit vector & specifying the
direction of the wave normal. The parameters g;;
form a tensor of rank two, which in general need
not be symmetric. However, the rotatory power
along any direction in the crystal depends only on
the symmetric part, neamly 3(g;;+ g;;). It can be
shown® that the behaviour of an optically active
crystal depends essentially on the parameter

c=6-0. (3)

Thus, if n,’, n,” are the two refractive indices, the
crystal would have in the absence of optical activity
for propagation along &, then the refractive indices
of the two elliptically polarised waves that can be
transmitted in the actual crystal are the positive
roots n’, n”’ of the equation

(n2—ny®) (n2—ny"®) = G2 (4)

For propagation along an optic axis, or along any
direction if the crystal is isotropic, ny’ =n," =n,
say. Equation (4) then gives n?—7*= t G and
since G is small, the refractive indices of the two
circularly polarised waves may be written
_ G

_ G
n=n+ o0’ nrzn“*z;n’ (5)
and the rotatory power of the crystal is
o= Z) % rad./cm. (6)

This equation is in agreement with the sign con-
vention for optical activity adopted by writers on

357

optics (e. g. Ref. 5), i. e. laevorotation corresponds
to positive o. However, in chemical literature, the
opposite convention is used, particularly for solu-
tions, so that when we calculate the specific rotation
[a] of a solution, it will be related to ¢ by a nega-
tive sign as in (41).

It is obvious from the above that an actual rota-
tion of the plane of polarisation of magnitude given
by (6) occurs only in isotropic bodies and along the
optic axes of an anisotropic crystal. For any other
direction, the medium can be considered to have
an optical rotatory power (6), where G is given by
(3), which is the value it would have if there were
no birefringence. So also, we may consider the me-
dium to possess a birefringence An=ny —n,” in
addition to its rotatory power. If 0 is the phase dif-
ference introduced per unit length due to the bire-
fringence, then the phase difference 4 between the
two elliptically polarised waves propagated along
a general direction is given by ®

£ =56+ (20)% (7)

where o is given by (6), with the value (3) of G.
In (6) one uses the mean refractive index n given
by 5
L L (8)
% (ny'+ny")

It is known that this “method of superposition”
gives results closely agreeing with observed facts
for anisotropic optically active crystals. The prob-
lem of calculating the optical activity of a crystal
therefore reduces to the determination of the para-
meter G for various directions, i. e. the components
of the tensor g;;. Since this tensor is directly con-
nected to the expression (1) for ® in terms of €,
occurring as it does only in the imaginary part of
D, it should be sufficient to obtain an expression
for the displacement vector D in terms of the crystal
structure and the polarisability tensor of its con-
stituent parts. It is then possible to obtain an ex-
pression for g;; in terms of the structural para-
meters.

This is the basic idea of the theory. For a mole-
cule oriented at random, it comes out that in equa-
tion (6), G is just equal to (gy;+ g2+ &33)/3 so
that this becomes a special case of the general treat-
ment.

5 G.N.Ramacuaxprany and S. Ramasesman, Crystal Optics,
Handbuch der Physik, Bd. 24. Springer-Verlag, Berlin (in
press).
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2. Basic formulae for curvilinear coordinates

In view of the fact that the theory is to be applied
particularly to helical structures, the formulae have
been developed using a general curvilinear coordi-
nate system, and using the tensor notation for such
a system. Obviously, such formulae will also be valid
for any special coordinate system appropriate to a
particular problem, e.g. an orthogonal cartesian
system, or an oblique system as will be used for
crystals of low symmetry.

The standard notations of tensor analysis have
been followed throughout. Indices occur both as
superfixes and suffixes, the former denoting contra-
variance and the latter covariance. The indices take
on the values 1, 2, 3. Coupled indices, such as [ in
equation (10), denote summation for the three val-
ues of the index, and no separate symbol for this
summation is used. Indices are also used for de-
noting particular quantities, e. g. (jk) in R;'%). Such
indices are enclosed in brackets and they do not
possess tensorial character.

Associated tensors are formed by the usual pro-
cess of raising or lowering the indices. For example,
S; and S’ occurring in (11) are connected by the
relation S;=a; S! where ay; is the metric tensor in
the covariant form. Its relationship to the metric
tensor in the contravariant form is given by
a; a® =0, where 0/ is the Kronecker delta. Asso-
ciated tensors represent the same physical quantity,
though their components may be different.

In a general coordinate system equations (1) and
(2) of the electromagnetic theory take the tensorial
form

Ds=qu Eq+isstq G E1?, (9)
Gt=glt Sl (10)

where G' is the gyration vector, g;’ is the gyration
tensor and S’ is the unit vector specifying the direc-
tion of the wave normal. Also

Estq = Va €stq

and a=det(aj;)

where ey, is the skew symmetric tensor whose com-
ponents are T 1 according as stgq is an even or odd
permutation of 123, and zero in all other cases. The
parameter G of equation (6) may now be written

G=5,G'=g!S,S. (11)

Equations (9) and (10) determine the optical
properties of the crystal. The refractive index is
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given by the tensor K;, and the optical rotation
along any direction is given by the tensor g;. Both
these can be obtained if we can get the relation be-
tween the displacement vector D and the electric
vector E? from the structure. We now proceed to
obtain this relation.

3. Calculation from crystal structure

Let the incident plane polarised wave be repre-
sented by

z27rn (v

Efexp2™™ (vi1—R;SY

where n is the refractlve 1ndex and 4, the wavelength
i2nwn

%o
let the macroscopic field at atom j be E?. The posi-
tion of an atom % with respect to j may be specified
by a vector R;(%) defined at j. Then, the field at

atom k, including the Lorentz field may be written
fto = (Eq+4np?)ex (12)

where P? is the electric moment per unit volume.
The induced moment in atom k, neglecting inter-
action of neighbours is olf) &, where o) is the
polarisability tensor of atom k. The contribution to
the field at atom j by the dipole moment induced in
atom £ is thus given by

Fiy= Toh o5 fly (13)

where T(j%) is the dipole-dipole interaction tensor
which may be written in the form

5 (3 Rijyy By — 12 a")

in vacuo. Leaving out the time factor exp vt

—i2an pGk) Ql
p=2R Rih
0

TGhH = (14)

where 2 = ay Rijn) Rix)

i. e., r is the distance between atoms j and k. In writ-
ing equation (13) it is presumed that the induced
field at atom j is in phase with the moment of
atom k, and hence out of phase with the macro-
scopic field E¢ at atom j. This is true because r < 4,
the ratio being of the order of 1/1000 for the atoms
in the immediate neighbourhood. The Lorentz field,
on the other hand, is a contribution by the more
distant regions of the medium, and may be taken
to be in phase with E?. This implies that in optically
active crystals the Lorentz field is real even though

P? is complex, and must be taken as 332 P?(real).
The effective field at atom j is then
Em 4 47 pm(real) + Z F{,

j*xk=1

(15)
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where N is the number of atoms within the LorenTz’s
sphere. The induced moment in atom j is

Z F(J)]

j+k=1

MY = o), [E'" 47 pm(real) +

(Eq+ i P‘I(real)) (16)

N
j j k
-[aé%a&% >, Tiho ’(

j*k=1

i2an pir l)}
T RPD S

where we have replaced the exponential function in
F{)y by the first two terms of its power series on
account of the smallness of the argument. Also since
1 5
P,— - Z M)
where V is the volume of the unit cell and N’ the
number of atoms in it, we have

P (EQ+4T”P‘1(real)> (Dgg+i QD;Q) (17)

e
1 0
where @y, = > (au) + o), Z TP of )) (18)
=1 jxk=1
and
— 2 1 < . -~
P, = L}’:i e Z ol /it oc(’“(} R{i® 8L

i=1 jxk=1

(19)

The real and imaginary parts of equation (17)
may be solved separately, the real part leading to
birefringence and the imaginary part to optical acti-
vity.

4. Formula for birefringence

By equating the real parts of (17) we get
Ysq Pq(real) =F1 @Sq

4
where Ysq=sq — 5~ Dy,

which on solving yields

P4 (real) = %7 D E

where 9°7 is the cofactor of g, in the determinant
det(y,,) divided by det(ws,). Thus the suscepti-
bility tensor

21 =9 Dy (20)

is completely known in terms of the crystal struc-
ture. From y,? the dielectric constant tensor may be
evaluated, since

Ki=0] +4ayl. (21)

359

The two refractive indices of the crystal for the
given wave normal may than be calculated by the
usual methods of the electromagnetic theory, or
with the help of the indicatrix.

5. Formula for optical activity

(a) General formula

The optical activity of a crystal is completely de-
termined by the gyration tensor which ultimately
depends only on the structure of the crystal. How-
ever, in the polarisability theory, we assume that
the incident wave is propagated through the crystal
with the appropriate refractive index for the parti-
cular direction. As already mentioned, we may con-
sider birefringence and optical activity separately,
and consider them to be superposed in the crystal,
to a good degree of approximation *. In fact in the
previous section 4 dealing with refractive index, we
had neglected optical activity. In the same way, we
shall neglect the birefringence in this section and
consider the wave to be propagated with a uniform
mean refractive index n along any given direction.
The best value for this mean index is given by (8)
and this value is to be used on the right hand side
of (19).

Thus, equating the imaginary parts of (17) we get

P (imag.) = ;;g E? (— kil

N
j 7
Z ag;)n T{'},f) otz,") R(Jk)S

1j%k=1

"M%

Smce Ds=E;+4 7P we have
Dq(imag.) =4 72 Ps(imag.) = —ic E? y;,, S'  (22)
where c=n 42 Eﬁ ,17 (23)
3 Ao ¥
NN
and Visg = Z Z o), TR o« RYD . (24)
j=1j*k=1

Since E? is arbitrary, by comparing (22) with (9)
we get

Estq Gt = — € Y150 S
which on solving yields

Gi=3c ey, S. (25)

Again, since S’ is arbitrary, comparison with (10)
gives

gl C gtst Visq - (26)

* For a discussion of the degree of validity of the superposi-
tion principle, see Ref. 5.
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(b) Formulation in terms of pairs of atoms

The summation involved in (24) may now be
modified so as to obtain a formula which represents
Visq @s arising out of interactions in pairs. This way
of writing the result is particularly useful in the
case of molecules, and even for crystals or helices,
it helps to make the numerical calculations more
systematic. Also, it brings out the relationship to
the idea of “coupled oscillators”. We may thus
write

N’ N
1 . .
Visaq=2 Z Z (“(sQn T:;ZI?) “ka) R§7k)
9=1 j+k=1 % ( &
( )T(k])a]) Ef J))

in which the contribution of each pair of atoms such
as j and k is counted twice. Instead we may delete

the factor 3 and count each pair once only. Thus
NN
Visq = Z Z a(])ﬂ Tznllc’) a.(k) R(Jk)
k=j+1 5=

=+ “% T(k]) a(]) R(’”))

where the atoms 1 to N’ lie within the unit cell
and those from N’ +1 to N” lie in one half of the
Lorentz’s sphere. Also since

R — _ R{® and TR =TyE we have

NN
P9 y10 = Z Z ("7l T(]k)oc(") R{®)

k=j+1 j=1 - . -
— & 4%72& T(;k)“” RJ ))

Now interchanging the coupled indices s, ¢ and also
m, p in the second term and remembering that the
polarisability tensors and the interaction tensors are
all symmetric, we get
N" N

etsq Yisqg = 2
E=j+1 /=1

et al)), T o} RV . (27)

Therefore the gyration tensor (26) may now be
written

——_—
gl=c Z Z e*2alf), TOP o) RYP (28)
k=j+17=1

where ¢ is given by (23). Since there are less num-
ber of terms in the summation (27) than in (24),
the expression (28) for the gyration tensor is pre-
ferable to (26). From the method of derivation it
is clear that in evaluating ¢ from equation (23) we
should use the mean refractive index of the crystal
for the particular direction of propagation. Having
obtained g/, the parameter G corresponding to any
direction S! may be evaluated according to (11),
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and the rotatory power may then be calculated by
means of (6) which also involves the mean refrac-
tive index. If the propagation is parallel to the optic
axis, the mean index is just equal to the correspond-
ing refractive index. :

(c) Special case of symmetrical polarisability tensor

If the polarisability tensors of the atoms or groups
have axes of symmetry, then using relation (46) of
Appendix II we may write the gyration tensor (28)
in the more explicit form

N' N
gl=c o g a® B) gtsa R(Jk) (29)
k %1 JZ
30 3 u( ) 16y DG ;
[ RGP b® Ry, b® + 390 pr g g po)

+ TR B b0 b b

where b{ is the unit vector specifying the direction
of the optical symmetry axis of group j, a@ is its
mean polarisability, () is the anisotropy ratio and

o= 1 1 40 and B9 may be defined in

terms of the principal components of the polaris-
ability tensor, namely &1, «5¥’ and 259 , by means

of the relations

a® =1 (@ +2as) and B = a(] (o —

’(7))
(30)

6. Optical activity of a randomly orientied system

(i) It is obvious that the above theory is equally
valid for a molecule kept in a specific orientation
in a beam of light. In this case, both N" and N”
will be equal to the number of atoms in the mole-
cule. Since in any experiment, either with gases or
solutions, the molecules will be orientied at random,
it would be worthwhile to calculate the mean value
of the optical rotation for all orientations. In such a
case, the mean value of the scalar parameter G may
be obtained by replacing the tensor S;S' occurring
in (11) by its mean value over all directions of the
wave normal. According to (44) Appendix I, the
mean value is } J/, and hence the scalar parameter
reduces to

E=%€zl-

In a dilute solution the molecules of the optically
active substance are far apart. Therefore in comput-
ing the effective field at the place occupied by an

(31)
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atom belonging to a molecule, we need only take
into account the contribution of the rest of the
atoms in the molecule. That is, we may consider
each molecule as a separate unit consisting of N
atoms and occupying a volume ¥ =V’/N, where V’
is the volume of the solution containing one gram-
molecule of the solute and N, is AvoGAaDRO’s num-
ber. Then, analogous to (28), the gyration tensor
for the molecule may be written as

N N-1
gzt=c Z tsqa(J) T(]k) ot(kq) R§”‘) (32)
k=j+1 j=1
= 2 2
where F=nl 8 SF = (33)

and using (31) the mean value of the scalar para-
meter may be written in the form

G=3cL (34)
N N-1
where L= Z Lx (35)
k=7+1 /=1
and Ljxy = gl G“U) ka (k) R(ak) (36)

In equation (33) we should use for n the refrac-
tive index of the solution; and the same value of
the index is to be used in formula (6) also, in
calculating the rotatory power 0. To evaluate Ljy,
we may use (36) as such, choosing any convenient
coordinate system, or adapt it for computation by
vector analysis, as follows:

Let @, be the polarisability tensor of group j in
the coordinate system of its principal axes, and let
yij represent the coordinates in this system, the
corresponding curvilinear coordinates being a'.

Then

aym a?/m —(1)
ax' da™

G _ 0% 0% ~y _

Xsin = F ¢ gam Fuv = (37)

We may now interpret ay}‘,) /axs (s=1,2,3) as the
covariant components of the unit vector b(’))s paral-
lel to y(; axis, and write
3
ayr)n = Z b{?)) b&))m afﬁ;
u=1

(38)

Expressing «y) similarly and substituting these in

(36) we get
- & o eni wlh
Law= 21 @ ) THB bihm bE *7 RV 1l U8,
u,v
3 -
= > & a® be) - Tyry - bE R® - b x b
u,v=1

(39)
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where
. 1 5 2 )
b} - Tin - b = - [3 (RIV- b)) (RIV - b))
—r2(b{))- bE)] (40)

and RUP. b(’))Xb(k) is the scalar triple product.
Here b{)), b (” (u, v=1, 2, 3) are unit vectors de-
fining the principal optlcal axes of groups j and k
respectively and RU%) is the vector joining them
from j to k, r being its length. This results is closely
analogous to that given by Kirkwoop 3.

The specific rotation of a solution is connected
with the rotatory power ¢ by means of the relation

[als, = - ;/4 deg./dm./(gm.[cc.)  (41)

Now combining (6), (33), (34), and (41) we ar-
rive at the general formula

480022 Ny n*+2

[h=—"73 53 (42)

where L is given by (35) and (36).
If the polarisability tensors have axes of sym-
metry, combining (35), (36) and (47) of Ap-
pendix II, L may be expressed in the form
N N-1
> ald) gD a®) pE) TP b bP

E=j+1 j=1

L= (43)

. glse Ryk) bgf) bfzk)

where b)) and b are unit vectors defining the
optical symmetry axes of the groups j and k res-
pectively. Equation (42) with L as given by (43)
represents Kirkwoon’s ¢ formula in tensorial form.
The apparent reversal of sign is due to the fact that
the interaction tensor used by Kirkwoob is the nega-
tive of the one used here.

(ii) The problem arises whether the above results
are also valid for a suspension of a crystalline pow-
der, in which the crystallites are oriented at ran-
dom. Here, a simple answer cannot be given for it is
closely connected with the propagation of light in a
birefringent, optically active medium. If the crystal-
lite size is large enough so that the electromagnetic
equations for the solid in bulk are valid (i. e. large
compared to the wavelength of light), then the mean
optical rotation will be practically zero, for the ef-
fective rotation is very small for all directions ex-
cept those very close to the optic axis (or axes).
On the other hand, if the crystallite size is very
small, as it occurs for instance in solutions of pro-

6 W.W. Woop, W. Fickerr and J. G. Kirgkwoop, J. Chem. Phys.
20, 561 [1952].
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teins or polypeptides, where an ordered helical chain
exists and yet the dimensions are only of the order
of a few hundred Angstroms, then the above for-
mulae may be valid. However, since it is known
from optical theory? that birefringence always de-
creases the optical rotation in such cases, the ex-
perimental value should be expected to be smaller
than the theoretical specific rotation. A more detail-
ed account of this problem is beyond the scope of
the present paper.

It is a pleasure to thank Prof. G. N. RamacuanprAN
for many valuable discussions. The author is also thank-
ful to the Council of Scientific and Industrial Research
for financial assistance.

Appendix I

The tensor S¢ S! and its mean value

We shall find the mean value of the tensor in a
special coordinate system (c.s.) and then transform
the result to the general curvilinear c.s. Taking an
orthogonal cartesian c. s. the contravariant and covari-
ant components of any vector are equal, and the com-
ponents of a unit vector are simply its direction cosines
cos a, cos f3, cos 7. Hence

$?=S,=cos ff; S*=S3=cosy.

Consequently, in component form

St=S;=cos a;

cos®
cosy cos f cos®y

cos®a cos acos f COSacosy
Stslz(cosﬁcosa cos f cos y )

€oS y €os a

Since cos® a+ cos? f+cos®? y=1 for any direction of

the wave normal S;, the sum of the diagonal compo-
nents of the mean tensor must also be unity. Denoting
the mean value by a bar over the quantity, we there-
fore have

cos? o =cos? f=cos2y=1/3.

The mean value of all other components must vanish.
Taking for example the component cosacosf, for
a given value of cos f§ there are two directions for which
cos a will be equal and opposite, and therefore

cofsdcosﬂzo.

-Hence S¢Sl=% o/ (44)
in an orthogonal cartesian c.s., and since KroNECKER
deltas transform into themselves on a change of c.s.,

the above result is valid in any curvilinear c. s.
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Appendix II

The polarisability tensor with an axis of symmetry

If apq has an axis of symmetry, it may be written in
the form

apg=2a (0 apg+bp by) (45)

where b, is the unit vector in the direction of the sym-
metry axis and a, f§, 0 are constants which may be de-
fined in terms of the components of the tensor in the
coordinate system of the principal axes. Denoting these
by primes we can readily show

a=(a'y;+2a'%)/3,

and o=%—

B=(d11—a's)/a

3 It is now seen that a is the mean

polarisability and f is the anisotropy ratio.
Using polarisability tensors of the above form in
the product
o1 oy TR

which occurs in the expression (28) for the gyration
tensor, we have

glsa Ot?)n T2 agc; =ali) ) g®) (k) gtsq o
j N R k) p(k
(6 @y + B 6D (6® a,y, + bE bE)

The partial products may be simplified separately as
follows:

g T?;Ig)) G(j) Asm G(k) Apg = gh*e Tg];lk) a(j) G(k) =0 ’
: 0(7) t ik
ghee Tuh 0(7)a8mbg‘) by‘) =d (3 R{® RV,
k) 3k
—726§)b§,)b;)
300) 1sq puk) pr. B k)
= 8 ° "RV Ry by by
and similarly

i 1. 3 o(k)
glse T a(k)a,,qbg’)bﬁ,{) ala- S

glse Ry Ryk) Db
Thus

&' 7o), TP o) =al) B o®) gk) gtsa (46)

(257 mgn o Ry + 27 00 B R
- TR BB
and hence
152, TP, o) RYD (47)
— i) B a®) B TIP b B gl RY) b p®
This is the value of L(jz), occurring in (36), when
the polarisability tensors have axes of symmetry.



